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f ci (u) = 0
MBP
(0, T ] ×Ω,






d  d ≥ 1  u = (u1, . . . , um)T 
Fc(u) = (f c1(u), . . . , f cd(u))
TVP{
f ci : R
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P = [r1, . . . , rm]
{;FHPKURFQ UJ}F

















































































p = (γ − 1)ρe, ?@] 
¹}FHGRF
γ = cp/cv
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0 1 0 0
−v21 + 12 (γ − 1)v2 (3− γ)v1 −(γ − 1)v2 γ − 1




2 (γ − 1)v2 −H
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−v1v2 v2 v1 0




2 (γ − 1)v2 −H










































i = 1, . . . , 4

¹.FZ{M"QRUJMBP;=Y;M"QJ}1tKY;G-NdTQRFQKVt«IKY;P{TVGJDNKP{MBUJM"KPQ ?@]l H¶
• QJY;EFHGRQRKP;M"NOMBP¸4Ky¹Z¶ λi < 0  i = 1, . . . , 4 
• QJY;IQRKP;M"NZMBP¸4Kd¹Z¶ λi < 0  i = 1, 2, 3  λ4 > 0 
• QJY;IQRKP;M"N[KY;U!¸4Kd¹Z¶ λ1 < 0  λi > 0  i = 2, 3, 4 TVP{
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• ¹ﬂTVLBL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i, j = 1, 2
TVGRFUJ}F§	TNKI;MTVP ~pTVUJGJM 
















































0 0 0 0
2
3
v2 0 − 23 0−v1 1 0 0
− 1
3
v1v2 v2 − 23v1 0

 , G21 = µρ


0 0 0 0
−v2 0 1 0
2
3
v1 − 23 0 0− 1
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FHL"FH~FHP	URQd@ }FHGRFdTQ}4TVP;=MBP;PK{;FQGRFX	Y;MBGRFPKmQJEFNHMTVLUJGRFdTVUJ~FHP	UjMBPs~FHUJ}K{;QyUJ}FHD<{;K
QRK1MBP%NKP	UJMBP	YKYQ «^~FHUJ}K{;Qd@³}FHGRF=UJ}Fp{M"QRNHGRFHURF QRKLBY;UJM"KP KP UJ}FmPFHG*QJM"{;Fm}4TQZURKWIF
GRFQJUJGJM"NHURF{<URK*UJ}FjNKiTVGRQRFHG{M"QRNHGRFHUJMBxyTVUJM"KPWTVL"KP;*UJ}FF{iFKG tTNF=@_³};M"QﬂGRFQJY;LBURQﬂMBP UJ}FcPFF{KVt
GRFQJUJGJM"NHUJMBSiFZ~K({M74NdTVUJM"KPQMBP1UJ}F¤TQRQRFH~[I;L"F{W=L"KI4TVL ~pTVUJGJM"NFQd@
³}F.{;FH=GRFFQ«KVt;tuGRFF{;K~}4TdSiF URKjIF NKY;E;L"F{¤IFHU ¹.FFHP PFHMB=}	IKGJMBP;OFHL"FH~FHP	URQ6tKGsv~FHUJ}K({;Q
TQc¹.FHLBL@cCjKy¹.FHSiFHGdUJ};M"QcM"QcPKUTp{MBGRFNHUNKY;E;LBMBP;LBMBhiF¤MBPoNKPUJMBP	YKYQ «^ ~FHUJ}K({;Qd@  PQJURFdT{
s~FHUJ}K{;Q<YQRFTVP¨MBP{MBGRFNHUNKY;E;LBMBP;vGRFdTVLBMBxdF{¨I	D MBPURFHGfeFHL"FH~FHP	UWtTNFoURFHGJ~QMBPNHLBY{MBP;
( ﬃ ﬁ!* % " 1  (   &%&'+( ﬃ TVP{ %(  ﬁ-*-%&'$*
 ﬁ-()"!  &,  ﬁ-*ﬃ ﬃH@1³}FQRFpNKPNFHE;URQ¤¹MBLBLﬂIFF²E;LTVMBPF{
MBPvUJ}F<tuKLBL"Ky¹MBP;®QRFNHUJM"KPQd@9FtKGRFUJ}FQRF1{;FHU2TVMBL"QpTVGRF=MBSiFHP ﬂQRK~F<iFHPFHG2TVLGRFH~pTVGJh(Q TVIKY;U
5ﬀ&ﬀ7*$( !"$ ﬃ ﬀ  	%"%" ,<!"$;?ﬃ ﬀ ﬃﬀ&9ﬀﬁﬂﬃ !#"ﬀ&6ﬀ&/ﬃ ﬃ ﬀ7ﬀ&$ ﬃ!>ﬃ!"ﬀ/0 ﬃ ﬀ ;ﬀ	9:ﬀ&ﬃﬁ!" *0% ﬁ%$ (!'& !"ﬁ!"	$ #*
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UJ}F*T{S=TVP	U2TViFQKVt scM"QRNKPUJMBP	YKYQOTVL"FHGJh(MBPo~FHUJ}K{;Qj¹MBLBLIFZE;GRFQ2FHP	URF{@c³};M"QcQRY;~m~pTVGJDWKVt
MB~mEKGJU2TVPUcTQJEFNHURQM"QMBPQRE;MBGRF{1I	DCjKYQRURKP ﬁ! "  BAyw ¯¶




• s~FHUJ}K{;QF²};MBI;MBUFHP;}4TVPNF{ QJU2TVI;MBLBMBU¯D E;GRKEFHGJUJM"FQMBP¨UJ}FoS(M"NHMBP;MBU¯D KVt¤MBP	URFHGJM"KGKG
IKY;P{TVGJDWLTdDiFHGRQd@©cQ2NHMBLBLTVUJM"KPQPFdTVGc{M"QRNKPUJMBP	Y;MBUJM"FQdtuKGF²;TV~mE;L"F=TVGRF¤LBMB~mMBURF{oURKpUJ}F
FHL"FH~FHPURQ-MBP1UJ}FZ{MBGRFNHU-SM"NHMBP;MBU DKVt«UJ}FQRFOE;}FHPK~FHP4T@




• ;Y;GJUJ}FHGJ~KGRF=.MBP UJ}FNKPURF²(UmKVt hp e	GRFPFH~FHP	U uQRFF1g(FNHUJM"KPva@BA=@]\ [UJ}F<EKLBD(PK~mMTVL




P	Y;~¤IFHGKVt«{;FH=GRFFQKVt t GRFF{;K~¶ KP1T¤QJUJGJYNHUJY;GRF{~FQJ}YQJMBP;mXY4T{GJMBLTVURFHG2TVL FHL"FH~FHP	URQ¹MBUJ}T
NKP	UJMBPYKYQjE;M"FNFH¹M"Q2FOI;MBLBMBPFdTVGjTVE;E;GRK²MB~pTVUJM"KP UJ}FOP	Y;~¤IFHG-KVt_FHL"FH~FHP	URQjM"Q-TVLB~K=QJU-M"{;FHP	UJM"NdTVL
URK-UJ}F.P	Y;~¤IFHG KVt{;FH=GRFFQ6KVt4t GRFF{;K~UJ}F.LTVUJURFHG«IFHMBP;KP;LBD[QJLBMB=}UJLBD[};MB=}FHG«{YF.URKjIKY;P{TVGJD




GRQJU TVUJURFH~mE;URQ MBP LBMBURFHG2TVUJY;GRFoKVtONK~¤I;MBP;MBP;%s TVP{ NKP	UJMBPYKYQ 6^´~FHUJ}K{;QyﬂNK~¤I;MBP;MBP;
UJ}FmT{STVPU2TViFKVt.FHP;}4TVPNF{QJU2TVI;MBLBMBU DzKVts k~FHUJ}K({;QMBPﬁUJ}K=QRF*GRFH=M"KPQOKVt.UJ}F¤¸4Kd¹Z ¹};M"NR}
~mMB=}	UcPFF{UJ};M"QjE;GRKEFHGJU Di4¹MBUJ}oUJ}FZGRF{YNF{zP	Y;~¤IFHGKVt {;FH=GRFFQjKVt_tuGRFF{;K~ºMBPzUJ}F[NdTQRF¤KVt
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	 [Nd/^ d(V[





~FQJ}FQ Th = {κ} NKPQJM"QJUJMBP;KVtX	Y4T{GJMBLTVURFHG2TVL.FHL"FH~FHP	URQ κ @¤CcFHGRF= h {;FHPKURFQOUJ}F*E;M"FNFH¹M"QRF
NKPQJU2TVP	Uc~FQJ}1tuY;PNHUJM"KPﬁ{;FPF{I	D
h|κ ≡ hκ = {MTV~ (κ) tKGjTVLBL κ ∈ Th @ ¯U-NdTVPWt Y;GJUJ}FHGjIF
TQRQJY;~F{;UJ}4TVUFdTN2}
κ ∈ Th M"Q-TVP1MB~pTViFZKVt T¤;²F{GRFtFHGRFHPNFZFHL"FH~FHP	U κˆ ;UJ}4TVUM"Qd κ = σκ(κˆ)
tuKGcTVLBL
κ ∈ Th @ ¯PUJ}FOtuKLBL"Ky¹MBP;KP;LBDUJ}F[NdTQ2FO¹}FHP κˆ M"QUJ}FZKEFHPWY;P;MBU-Q2X	Y4TVGRF[MBP R2 TVP{
UJ}FKEFHPvY;P;MBUmNHY;IF MBP
R






MBPGRFdTVL_QJE4TNF M"QZTQ2QJY;~F{ﬁURK<IF I;M JFNHUJMBSiF
TVP{1QJ~K(KUJ} ;¹MBUJ}1UJ}FOFHMBiFHP	S=TVLBYFQ-KVt«MBURQ§	TNKI;MTVP~pTVUJGJM7²IFHMBP;IKY;P{;F{<tuGRK~ IFHL"Kd¹TVP{
TVIKySiF=@:KGFHL"FH~FHP	URQcMBPUJ}FZMBPURFHGJM"KGOKVt«UJ}F¤{;K~pTVMBP 



















































p ≥ 0 TVGRF
{;FPF{WTQtKLBL"Kd¹Qd¶

























κ ∈ Th @  FHU κ TVP{ κ′ IF¤U ¹.KWT{VRTNFHP	UZFHL"FH~FHPURQ








































































?@]? [M"Q¤MBPUJGRK{YNF{@®³£KoUJ};M"Q FHP{ ^ XY4TVUJM"KP ?@]? ZM"Q*~¤Y;LBUJMBE;LBM"F{9I	D%TVPvTVGJI;MBUJG2TVGJD QR~KKUJ}




MBPﬁUJ}F*~FQJ} Th @Z-t URFHG
QJY;~m~pTVUJM"KPzKySiFHGjTVLBL£FHL"FH~FHPURQ







Fc(u) : ∇v { x +
∫
∂κ











































IFHU ¹.FFHP FHL"FH~FHPU<MBPURFHG!tTNFQy-UJ}FW¸Y² Fc(u) · n ~[YQJUIFGRFHE;LTNF{¨I	D T ( ﬃ ﬁ-*-%  "! 1  























= 0 ∀vh ∈ Vph.
\@ a 













∂κ ∩ Γ 6= ∅ @KG~KGRFZ{;FHU2TVMBL"QjTVIKY;UIKY;P{TVGJDNKP{MBUJM"KPQtKGUJ}FONK~mE;GRFQRQJMBI;L"FZ^_Y;L"FHGcTVP{
bcTdSM"FHGﬀfgURKhiFQcFXY4TVUJM"KPQdQRFF[g(FNHUJM"KPz\@ a@






MBP Th (NKGJGRFQJEKP{;QﬂURK[UJ}F-¹ﬂFdTVhpMB~mEK=QJMBUJM"KP<KVt UJ}FjIKY;P{TVGJD
{TVU2T@
¯U*QJ}KY;L"{ IF PKURF{«UJ}4TVU¤UJ}F<NR}KM"NFKVtcTP	Y;~FHGJM"NdTVL¸Y²tuY;PNHUJM"KP%M"Q[MBP{;FHEFHP{;FHP	UKVtUJ}F
P;MBURF[FHL"FH~FHPUcQJE4TNF¤FH~mE;L"KdDiF{@  P{;FF{UJ}F[P	Y;~FHGJM"NdTVL6¸Y² H(·, ·, ·) ~pTdD1IF¤NR}K=QRFHPzURKIF
TVP	D<U¯¹ﬂK e	EKMBPUj~KPKURKPF  MBEQRNR};MBUJx[t Y;PNHUJM"KP1¹};M"N2}zQ2TVUJM"Q!4FQUJ}FOtuKLBL"Ky¹MBP;U¯¹ﬂKNKP{MBUJM"KPQd¶
 M  H(·, ·, ·)|∂κ M"QNKPQJM"QJURFHPU¹MBUJ}UJ}F¸Y² Fc(·) · n tKGFdTNR} κ MBP Th M@ F=@
H(v,v,n)|∂κ = Fc(v) · n ∀κ ∈ Th;
 MBM  H(·, ·, ·) M"Q NKPQRFHGJSTVUJMBSiF=	M@ F=@6=MBSiFHP TVP	D*U¯¹ﬂKOPFHMB=}	IKY;GJMBP;¤FHL"FH~FHPURQ κ TVP{ κ′ t GRK~ªUJ}F
P;MBURF¤FHL"FH~FHP	U-E4TVGJUJMBUJM"KP Th 4TVU-FdTNR}WEKMBPU x ∈ ∂κ ∩ ∂κ′ 6= ∅ ;PKUJMBP;pUJ}4TVU nκ′ = −n 
MBU}KL"{;QUJ}4TVU
H(v,w,n) = −H(w,v,−n).
³}FHGRF TVGRF QRFHSiFHG2TVL PY;~FHGJM"NdTVL ¸Y²ﬁtuY;PNHUJM"KPQ¤Q2TVUJM"QJt D(MBP;1UJ}FQRFpNKP{MBUJM"KPQy6QRYNR}%TQ[UJ}FK 
{Y;PKdSZ^_P;iXY;M"QJUfe©cQJ}FHGd T ²	e ;GJM"F{GJM"N2}Qd[jKF®KGUJ}F·cM JTdD	TQJY;P{TVG2TV~ ¸Y²ctuKGzF²;TV~ 
E;L"F=@ cQ[F²TV~mE;L"FQdU¯¹ﬂKz{M FHGRFHP	U¤P	Y;~FHGJM"NdTVL.¸Y²FQ*TVGRFpNKPQJM"{;FHGRF{®}FHGRF=¶[UJ}F  L"K(NdTVL  T ²	e
;GJM"F{GJM"NR}Q-¸Y²WTVP{UJ}FO·cM JTdD	TQJY;P{TVG2TV~ ¸Y²@
³}F 	
ﬀﬁﬂﬃﬁ! #" HLF (·, ·, ·) M"Q{;FPF{I	D
HLF (u+,u−,n)|∂κ = 12
(Fc(u+) · n + F c(u−) · n + α (u+ − u−)) , \@]l 
tuKG
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³}F     "ﬁ   	  "  HV (·, ·, ·) 4M"Q{;FPF{ID

















UWV  Í` c­d(V³^ d(V[ [  d  c ³[]\Xﬃ`@c )OVYaZc

^ ﬃVc ` md/[	Oc 
cﬀ^ d(V[
¯P%UJ}FptuKLBL"Ky¹MBP;_UJ}FpMBPURFHGJM"KG EFHP4TVLBU D  ﬃ Z{M"Q2NKP	UJMBP	YKYQ OTVL"FHGJhMBP9{M"QRNHGRFHUJMBxyTVUJM"KP KVtUJ}F
NK~mE;GRFQRQJMBI;L"FzbcTdSM"FHGﬀfgURKhiFQ<FX	Y4TVUJM"KPQ<TNNKGR{MBP;®URKCTVGJUJ~pTVP;P TVP{`CjKYQJURKP BAHa4Adl-M"Q
MBP	UJGRK({YNF{@ PT{;{MBUJM"KP1URK*UJ}FcPKU2TVUJM"KP1MBP	UJGRK({YNF{1MBPUJ}FcE;GRFHSM"KYQQ2FNHUJM"KPQdTSiFHG2TViFZTVP{





IFﬂU¯¹ﬂK¤T{VRTNFHP	U FHL"FH~FHPURQ.KVt Th TVP{ x IFTVPpTVGJI;MBUJG2TVGJD EKMBP	U KPmUJ}FMBPURFHGJM"KG
F{iF
e = ∂κ+∩∂κ− ⊂ ΓI @ŁoKGRFKdSiFHGdL"FHU v TVP{ τ IF.SiFNHURKGﬀ«TVP{m~pTVUJGJM7² S=TVLBYF{ tuY;PNHUJM"KPQd
GRFQJEFNHUJMBSiFHLBDiUJ}4TVUTVGRFcQJ~K(KUJ} MBPQJM"{;FcFdTNR}1FHL"FH~FHPU
κ ∈ Th @ gY;EFHGRQRNHGJMBE;URQ ± MBP v± := v|∂κ±
TVP{











x ∈ e TVGRFZ{;FPF{I	D
{v} = (v+ + v−)/2 TVP{ {τ} = (τ+ + τ−)/2. \@]| 
gMB~mMBLTVGJLBDiUJ}F!Y;~mEWTVU
x ∈ e M"Q=MBSiFHPI	D
[[v]] = v+ ⊗ nκ+ + v− ⊗ nκ− .
\@] 
©jPzT*IKY;P{TVGJDF{iF





σ, τ ∈ Rm×n  m,n ≥ 1 UJ}F[QJU2TVP{TVGR{PKU2TVUJM"KP σ : τ = ∑mk=1∑nl=1 σklτkl M"Q
YQRF{ T{;{MBUJM"KP4TVLBLBDi4tKGSiFNHURKGRQ
v ∈ Rm,w ∈ Rn ;UJ}FZ~pTVUJGJM7² v ⊗w ∈ Rm×n M"Qj{;FPF{ID
(v ⊗w)kl = vk wl
@




N (uh,v) ≡ −
∫
Ω











Fv(uh,∇huh) : ∇hv { x−
∫
ΓI


















{;FHPKURFQmUJ}F1{M"Q2NKP	UJMBP	Y;MBU DvEFHP4TVLBMBxyTVUJM"KP ~pTVUJGJM7²@ ©jPFEK=QRQJMBI;L"F
NR}KM"NF[M"QQRFHUJUJMBP;
δ =
{MTV {δi, i = 1, . . . , 4} ¹}FHGRF

























































u+h − uΓ(u+h )

















u+h − uΓ(u+h )







FvΓ(uh,∇uh) = Fv(uΓ(uh),∇uh) = GΓ(uh)∇uh = G(uΓ(uh))∇uh.
\@BAd\ 
;Y;GJUJ}FHGJ~KGRF= KP9T{MTVI4TVUJM"N IKY;P{TVGJM"FQ




n · ∇T = 0 @ 4KG[TVP®T{V!KMBPU[NKPQJM"QJURFHPUZ{M"QRNHGRFHUJMBxyTVUJM"KP KVtﬂIKY;P{TVGJDoURFHGJ~Qd QRFF BA=A=_Ad? ¯ T
P	Y;~FHGJM"NdTVLIKY;P{TVGJD<¸Y²t Y;PNHUJM"KP HΓ M"Q{;FPF{1I	D

















































p ≡ p(u) {;FHPKURFQmUJ}F<E;GRFQRQJY;GRF1FHS=TVLBY4TVURF{9YQJMBP;ﬁUJ}F1FXY4TVUJM"KP9KVtQJU2TVURF ?@] H@ 4KG
SM"Q2NKYQ¸4Kd¹Qd4QRFHU
uΓ(u) = (u1, 0, 0, u1cvT ).'+ + )
T KP Γ &   ,
TVP{
uΓ(u) = (u1, 0, 0, u4)
T KP Γ & '(	 ' .

* ,<!'(ﬀ/4*$;ﬀ  ( $%'ﬀ&9:
























1 0 0 0
0 1− n21 −n1n2 0
0 −n1n2 1− n22 0
0 0 0 1










vΓ = v−(v·n)n ¹};M"N2} FHPQRY;GRFQUJ}4TVU«UJ}F.PKGJ~pTVLSiFHL"KNHMBU D¤NK~mEKPFHP	U
STVP;M"QR}FQd
vΓ · n = 0 @
Ad\
 











e(h) = u−uh @
³};M"QFHGJGRKG{;FHEFHP{;QKPUJ}FjP	Y;~FHGJM"NdTVL ~FHUJ}K({<YQRF{<URK¤	TVMBPUJ}FOTVE;E;GRK²MB~pTVURFOQRKLBY;UJM"KP I;Y;U




FHGJGRKGd@_³}F-TQJD(~mE;URKUJM"NG2TVURF=TVU ¹};M"NR}pUJ}F-FHGJGRKG M"Q_GRF{YNF{p{;FHEFHP{;Q KPUJ}F-NR}K=QRFHP ~FHUJ}K{@
-E;E;LBM"NdTVUJM"KPQ-KVt«µ7«s URK*GRFdTVL¹.KGJL"{U2TQRh(QKVtuURFHP1TQRhmtuKGT¤N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QRKLBS(MBP;®UJ}FzE;GRKI;L"FH~ KP¨T=L"KI4TVLBLBD`GRFPF{`~FQJ} M"QpURK(K®F²EFHPQJMBSiFWMBP ~K=QJUNdTQRFQd@ ³}F
T{TVE;UJMBSiFoGRFPFH~FHP	U1E;GRK(NFQRQpM"Q MBP	UJGRK({YNF{ MBP KGR{;FHGURK%TSiKM"{ YQJMBP;%=L"KI4TVLjGRFPFH~FHPURQd@
³}F1F	KGJUKVtOQRKLBS(MBP;ﬁUJ}FE;GRKI;L"FH~ KP`To=L"KI4TVLBLBD GRFPF{ UJGJMTVP;=Y;LTVUJM"KP KP;LBD%URKFHSTVLBY4TVURF
UJ}FFHL"FH~FHP	URQ<¹MBUJ} LTVGJiFzFHGJGRKGRQpQRFFH~Q {M"QJE;GRKEKGJUJM"KP4TVURF=@ ³}FQRKLBY;UJM"KP KI;U2TVMBPF{`MBP UJ};M"Q
MBP	URFHGJ~F{MTVURF=L"KI4TVLGRFPFH~FHP	UM"Q.~KGRFjTNNHY;G2TVURFcUJ}4TVPpUJ}4TVUKPpUJ}FjPF²(UT{TVE;UJMBSiFHLBDGRFPF{








£¹};M"N2} {;FHEFHP{®KPUJ}FpQRKLBY;UJM"KP @ 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TFHGRK{D(P4TV~mM"NTVE;E;LBM"NdTVUJM"KPQOMB~mEKGJU2TVP	UOU2TVGJiFHUtuY;PNHUJM"KP4TVL"Q[TVGRF¤tuKGRNFmTVP{o~K~FHP	UJY;~NKF	

NHM"FHP	URQd@ -PTNNHY;G2TVURFOQRKLBY;UJM"KPKVt6UJ}F-¸4Ky¹ M"QKP;LBD PFF{;F{MBP1KGR{;FHGURKmTNR};M"FHSiFZ};MB=}WTNNHY;G2TNHD
MBPUJ}FQRFXY4TVP	UJMBUJM"FQd@_jPFHGJGRKG MBP{M"NdTVURKG.UJ}4TVU ~FdTQJY;GRFQ_UJ}FFHGJGRKG.KVtUJ}FQRFXY4TVP	UJMBUJM"FQ.MBPQJURFdT{
KVtUJ}F¸4Ky¹kFHGJGRKG*MBURQRFHL7tM"Q[{;FQJMBG2TVI;L"F=@zgYN2} MBP{M"NdTVURKGRQ NdTVP%{GJMBSiF T  ' " '$* % ﬁ-(  ﬁ "%T{TVE;UJMBSiF
GRFPFH~FHP	Ud;MBP<¹};M"NR}1UJ}FjUJGJMTVP;=Y;LTVUJM"KP1M"QKP;LBDGRFPF{<MBPUJ}K=QRF-GRFH=M"KPQUJ}4TVU}4TdSiFcFHGJGRKGRQﬂMBP
UJ}F¸4Kd¹ STVGJMTVI;L"FQ¹};M"N2}zNKPUJGJMBI;Y;URFZLTVGJiFHLBDURK UJ}FZFHGJGRKG-KVt«UJ}FOQRFHL"FNHURF{1U2TVGJiFHUtuY;PNHUJM"KP4TVL@
µﬂKPQJM"{;FHGdtKGF²;TV~mE;L"F=TVPWTVMBG!tuKMBLMBPWT QJY;EFHGRQRKP;M"N¸4Ky¹Z@  }FHGRFdTQMBUM"QPFNFQRQ2TVGJD<URK GRFQRKLBSiF
UJ}F¹}KL"FIKy¹ QJ}K(NRhpMBPtuGRKP	UKVt6UJ}FL"FdT{MBP;F{iFMBPKGR{;FHGURKmKI;U2TVMBPWTVPWTNNHY;G2TVURFZQRKLBY;UJM"KP




~KGRFpE;GRFNHM"Q2F=GRFP;MBP;ﬁQRK~F GRFH=M"KPQ[¹MBUJ}9QJ~pTVLBL"FHG*NR}4TVP;iFQ MBP®UJ}F¸4Kd¹Z«¹};M"N2}9TVGRF MBP®UJ}F
SM"NHMBP;MBU DﬁTVP{oY;EQJUJGRFdTV~ KVtﬂUJ}FmTVMBG!tuKMBL~mMB=}UOE;GRKdSiF ~KGRFmF	FNHUJMBSiF UJ}4TVPﬁGRFQRKLBSMBP;UJ}F IKd¹
QJ}K(NRh1tTVG-tuGRK~UJ}F¤L"FdT{MBP;1F{iF=@ };MBL"F¤QRYNR}ﬁiFHPFHG2TVL_NKPQJM"{;FHG2TVUJM"KPQO}FHLBEﬁY;P{;FHGRQJU2TVP{MBP;
UJ}FpE;GJMBPNHMBE;L"F<KVtiKiTVLKGJM"FHP	URF{vT{TVE;UJMBSiF<GRFPFH~FHP	Ud TVP9TNNHY;G2TVURF ~FHUJ}K({ URKM"{;FHP	UJM7tuDUJ}F
MB~mEKGJU2TVPNF KVtNFHGJU2TVMBP®¸4Kd¹GRFH=M"KPQZtuKG[UJ}FFHSTVLBY4TVUJM"KP KVtU2TVGJiFHUZt Y;PNHUJM"KP4TVL"Q[M"QZPFF{;F{URK
FHP4TVI;L"F¤QRYNR}TmE;GRK(NF{Y;GRF[URKp¹.KGJhMBPziFHPFHG2TVL@-³}F[Q2KLBY;UJM"KPoKVt.TVP "#" '+% () 
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pn · ψ { s, l@]? 
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pNHM"FHP	URQd¶ cdf TVP{ clf




(τ n) · ψ { s, l@]\ 
• ³£KU2TVL6{G2TV TVP{1LBM7tuUNKF	


































ψd = (cos(α), sin(α))
> l@]l 
KG













J¯(·, ·; ·) KVt J(·) M"Q{;FPF{1ID
J¯(u,uh;u− uh) = J(u)− J(uh) =
∫ 1
0
J ′[θu + (1− θuh](u− uh) { θ, l@ w
¹}FHGRF
J ′[w](·) {;FHPKURFQ UJ}F7GNR}FHU.{;FHGJMBS=TVUJMBSiFKVt J(·) FHS=TVLBY4TVURFH{TVU w @«©jISM"KYQRLBDiiUJ}FURFHGJ~
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S=TVLBYFﬂLBMBPFdTVGJMBxyTVUJM"KP M(·, ·; ·, ·) KVtT-PKP;LBMBPFdTVG6KEFHG2TVURKG N (·, ·)  M"Q£=MBSiFHP
I	D












[w](·,v) {;FHPKURFQUJ}F ;GN2}FHUj{;FHGJMBS=TVUJMBSiFZKVt u 7→ N (u,v) @
jQRMBP;mUJ};M"QPKU2TVUJM"KP UJ}FZ{Y4TVLKG-T{V!KMBPU-E;GRKI;L"FH~ M"Q=MBSiFHPWI	D¶«P{
z ∈ V QJYN2}UJ}4TVU
M(u,uh;w, z) = J¯(u,uh;w) ∀w ∈ V. l@] 
¯P1UJ}FOtuKLBL"Ky¹MBP;pMBUM"Q-TQ2QJY;~F{;UJ}4TVUE;GRKI;L"FH~ l@] ﬂM"Q¹.FHLBL EK=QRF{4M@ F=@;UJ}4TVUM"Q}4TQ-TmY;P;M"X	YF
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M"Q<iFHPFHG2TVLBLBD Y;P;h(PKd¹P TVP{ }4TQpURK IFoTVE;E;GRKd²(MB~pTVURF{¨PY;~FHGJM"NdTVLBLBDi@
CjKy¹.FHSiFHGdTQ^ X	Y4TVUJM"KP l@] MBP	SiKLBSiFQ1UJ}FzY;P;h(PKd¹P QRKLBY;UJM"KP
u
URK®UJ}FzE;GJMB~pTVLE;GRKI;L"FH~
UJ}FF²;TNHUT{VJKMBP	UmE;GRKI;L"FH~ NdTVP;PKUmIFpUJGRFdTVURF{9PY;~FHGJM"NdTVLBLBDi@ ³}FHGRFtKGRF= E;GRKI;L"FH~ l@] ¤M"Q
LBMBPFdTVGJMBxdF{ UJ}F LBMBPFdTVGJMBxyTVUJM"KPQ¤MBP	SiKLBSiF{MBPFXY4TVUJM"KPQ l@ wTVP{ l@]| TVGRF EFHG!tKGJ~F{TVIKY;U
UJ}F¤TVE;E;GRKd²(MB~pTVURF{QRKLBY;UJM"KP
uh
@³};M"QjL"FdT{;QjURKpUJ}F  %( ﬁ







[uh](w, zˆ) = J
′[uh](w) ∀w ∈ V, l@BAd 
¯PzKGR{;FHGURK TVE;E;GRKd²(MB~pTVURF l@BAd P	Y;~FHGJM"NdTVLBLBDi
zˆ
TVP{











[uh](wh, zˆh) = J























E;GJMB~pTVLE;GRKI;L"FH~ TVP{ EFHG!tuKGJ~mMBP;TVP9{M"QRNHGRFHUJMBxyTVUJM"KP`T t URFHGJ¹TVGR{;Q GRFHE;GRFQRFHP	URQ*UJ}F  '+() &% (  ' ﬃ











URKzUJ}F1{Y4TVLE;GRKI;L"FH~ l@]  YQJMBP;ﬁUJ}F
NKPQJM"QJURFHPNHD
N (u,v) = 0 ∀v ∈ V, l@BAd? 
TQ¹.FHLBL6TQUJ}FOTVL"FHGJh(MBPWKGJUJ}KiKP4TVLBMBU¯DKVt«UJ}FZ{M"QRNHGRFHUJMBxyTVUJM"KP
N (u,vh)−N (uh,vh) = 0 ∀vh ∈ Vph,
l@BAd\ 
TVP{NR}K(K=QJMBP;
w = u− uh UJ}FOFHGJGRKGMBPUJ}FU2TVGJiFHUtuY;PNHUJM"KP4TVL£NdTVPIF¹GJMBUJURFHPzTQ
J(u)− J(uh) = J¯(u,uh;u− uh) = M(u,uh;u− uh, z)
= N (u, z) −N (uh, z)
= N (u, z) −N (uh, z)− [N (u, zh)−N (uh, zh)]
= N (u, z− zh)−N (uh, z− zh)








@£³};M"Q¹TDUJ}F F²TNHU FHGJGRKG MBPZUJ}F_U2TVGJiFHU t Y;PNHUJM"KP4TVL	NdTVP[IF_FHS=TVLBY4TVURF{O¹MBUJ}KY;U
hPKy¹L"F{iFKVt.UJ}FmF²TNHUOQRKLBY;UJM"KP
u









































zˆh − zh = 0 UJ}FpTVE;E;GRKd²(MB~pTVURF FHGJGRKGOGRFHE;GRFQRFHP	U2TVUJM"KPvTNNKGR{MBP;URK1^ XY4TVUJM"KP l@BAdl c¹ﬂKY;L"{
FHSTVLBY4TVURFZURKmxdFHGRK;¶
J(u)− J(uh) ≈ N (uh, zˆh − zh) = N (uh, 0) = 0 ∀zˆh ∈ Vph.
l@BAd 
¯PoKGR{;FHG-URK KI;U2TVMBPzYQRFtuY;L GRFQJY;LBURQy4UJ}F[LBMBPFdTVGJMBxdF{oT{VJKMBP	UcE;GRKI;L"FH~¥}4TQ-URKIF[QRKLBSiF{zKPWUJ}F
Q2TV~FO~FQJ} Th I;Y;U-¹MBUJ}zT };MB=}FHGEKLBDPK~mMTVL6{;FH=GRFF pˆ > p YQRY4TVLBLBD pˆ = p+ 1 =MBSiFQiK(K{
GRFQJY;LBURQd@




























@6³};M"Q GRFQJY;LBURQ MBP FHGJGRKG GRFHE;GRFQRFHPU2TVUJM"KPQTVP{pIKY;P{;Q ¹};M"NR}TVGRF-TVE;E;GRK²MB~pTVURF
KP;LBDi@WbjY;~FHGJM"NdTVLﬂF²EFHGJMB~FHP	URQ QJ}Kd¹Z«}Ky¹.FHSiFHGd_UJ}4TVU*UJ}FHD TVGRF QJUJMBLBL GRFHLBMTVI;L"F1TVP{YQ2Ft Y;L.tuKG
E;G2TNHUJM"NdTVLNK~mE;Y;U2TVUJM"KPQdNt!@ BAdl¯@
   
c OV	 ﬀ^ÙZCa ^?c 	V  	]V^ d/[` 
³}FﬁFHGJGRKG<MBP{M"NdTVURKGRQE;GRFQRFHP	URF{ MBP g(FNHUJM"KP l@]? TVGRFoI4TQRF{¨KP ¹.FHMB=}URF{ GRFQJM"{Y4TVL"Q1KVt[UJ}F
TVE;E;GRK²MB~pTVURFﬁQRKLBY;UJM"KP @ ³}F¹ﬂFHMB=}	UJMBP;vM"Qp{;KPFWYQJMBP;®UJ}F TVE;E;GRK²MB~pTVURF QRKLBY;UJM"KP KVt[TVP
T{V!KMBPUjE;GRKI;L"FH~ TVP{}4TQ-UJ}FZE;}	DQJM"NdTVL~FdTVP;MBP;<KVt NR}K(K=QJMBP;<UJ}K=QRF¸4Ky¹GRFH=M"KPQj¹MBUJ}WLTVGJiF
NKP	UJGJMBI;Y;UJM"KPQ[URK UJ}FmFHGJGRKGZKVtT NFHGJU2TVMBPU2TVGJiFHUtuY;PNHUJM"KP4TVL@m©jI;U2TVMBP;MBP;UJ}F QRKLBY;UJM"KPKVt UJ};M"Q
T{V!KMBPU E;GRKI;L"FH~ GRFX	Y;MBGRFQmTVP T{;{MBUJM"KP4TVLNK~mE;Y;U2TVUJM"KP4TVLF	KGJUd UJ}FHGRFtuKGRF<MBU*~mMB=}	UmIF {;F 
QJMBG2TVI;L"FURK {;FHGJMBSiFMBP{M"NdTVURKGRQd¹};M"N2} {;KPKU {;FHEFHP{`KP`UJ}FoT{V!KMBPU QRKLBY;UJM"KP @¨cQRQJY;~mMBP;
UJ}4TVU
z ∈ [Hs(Ω)]4 , 2 ≤ s ≤ p + 1 TVP{`UJ}4TVU1TNKPQJU2TVPU Cz NdTVP`IF1tKY;P{QJYN2} UJ}4TVU
‖z‖Hs(ω) ≤ Cz
TNNKGR{MBP;URK CTVGJUJ~pTVP;PTVP{zCcKYQJURKP BAdl_TVPoY;E;EFHGjIKY;P{zKVt UJ}F¤U2TVGJiFHU
t Y;PNHUJM"KP4TVLFHGJGRKGM"Q=MBSiFHPID


































ηresκ = ‖hsκR(uh)‖L2(κ) + ‖hs−1/2κ (Fc(uh) · nκ −H(u+h ,u−h ,nκ))‖L2(∂κ\Γ)
+ ‖hs−1/2κ (Fc(uh) · nκ −HΓ(u+h ,uΓ(u+h ),nκ))‖L2(∂κ∩Γ)






) ‖L2(∂κ\Γ) + ‖hs−1/2κ δ (u+h − uΓ(u+h )) ‖L2(∂κ∩Γ)
+ ‖hs−1/2κ
(Fv(u+h ,∇u+h )−FvΓ(u+h ,∇u+h )) · nκ‖L2(∂κ∩Γ)
+ ‖hs−3/2κ G·j(u+h )
[(






R(uh)|κ = −∇ · F c(uh) + ∇ · Fv(uh,∇uh)  κ ∈ Th @`³};M"QpMBP{M"NdTVURKGp}4TQpIFFHP
{;FHGJMBSiF{MBP BAdl¯	¹}FHGRF}FHGRFUJ}FMBP{M"NdTVURKGRQTVGRF-T{V!YQJURF{pTNNKGR{MBP;¤URKOUJ}F-T{VJKMBP	U NKPQJM"QRURFHP	U
IKY;P{TVGJD1{M"QRNHGRFHUJMBxyTVUJM"KP QRFF BA=AiAd?¯@ ³}F¤T{VfYQJURF{<tKGJ~ M"QU2TVhiFHPt GRK~ BAd ¯@
?Va
  
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PFH¹FHL"FH~FHP	URQd@mµﬂKPQJM"{;FHGJMBP;UJ}F Y;P;MBUOQRXY4TVGRF MBPﬁU¯¹ﬂK{MB~FHPQJM"KPQd<6MB=Y;GRF@BA T j=MBSiFQZT
=G2TVE;};M"NdTVL_GRFHE;GRFQRFHP	U2TVUJM"KP KVt.UJ}4TVUE;GRKNFQ2Qd@ KGOFHL"FH~FHP	URQZIKY;P{;F{KP;LBDzI	DzQRUJG2TVMB=}	UZF{iFQd
UJ}FQ2TV~FTVE;E;LBM"FQ_tKG_UJ}FFHL"FH~FHP	U.MBPmGRFdTVLQJE4TN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uˆ = (uˆ1, uˆ2, . . . , uˆn)
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j Φj(x) = uˆ
(ci)
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u(m) · v * x =
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φj · Φl * x = R(i)kj
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